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Abstract. – Chemical gardens consist of hollow silica ﬁbers that form from silicate solution
upon seeding with salt crystals or injection of salt solution. We investigate the outer radius of
these tubes for steady and oscillatory growth dynamics. The radius increases with increasing
injection rates and concentrations of cupric sulfate seed solution. For steady growth, we ﬁnd
that the tube radii are described quantitatively by the Poiseuille-ﬂow characteristics of the
buoyant jet of injected solution. The oscillatory regime gives rise to wider tubes and involves
the cyclic expansion and detachment of a membrane-bound droplet at the growth point. The
droplets’ expansion rate equals the applied injection rate indicating that, in this growth regime,
the ﬂuid ﬂow is constrained to the interior of the silica structures.
A variety of seemingly unrelated reaction-precipitation systems can give rise to the growth
of mesoscopic tubular structures. Examples include hollow rust ﬁbers [1,2] formed in corrosion
processes and microscopic, needle-like tubes created during the setting of cement [3]. The
latter example is closely related to the formation of silica tubes in chemical gardens which
are a well-known demonstration experiment in physics and chemistry [4]. Chemical gardens
involve the growth of colorful, plant-like ﬁbers from aqueous solutions containing anions such
as aluminate, borate, carbonate, or silicate [5–7]. These structures have diameters in the
micro- and millimeter range and reach lengths of several decimeters. Tube growth can be
induced by seeding the latter solutions with crystals of various soluble salts (e.g., CuSO4,
MnCl2, FeCl3) excluding group (I) compounds [7].
Early references to chemical gardens can be traced back to the 17th century [8, 9]. In the
20th century, these structures attracted considerable interest because they were mistaken to
be prototype models of simple life forms [10]. Recently, the study of chemical gardens has been
experiencing a renaissance as tubular structures in the aluminosilicate system have been shown
to be promising catalytic materials with an intriguing hierarchical nanostructure [11,12]. For
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Fig. 1 – Representative micrographs of jetting (a), popping (b), and budding (c) silica tubes in the
CuSO4/Na2SiO3 system. Concentration of the injected seed solution [CuSO4] = 0.05 (a), 0.25 (b),
and 0.50 (c) mol/L. Flow rate 7.0mL/h (a-c). Field of view: 2.6× 6.4 (a) and 7.3× 15.0mm2 (b, c).
example, Collins et al. [11] found that their overall amorphous samples involve 1 nm silica
rods that self-organize into cylindrical clusters of about 40 nm within patterned micrometer-
scale domains.
The qualitative growth mechanism of chemical gardens is based on the formation of a semi-
permeable membrane around the dissolving seed crystal (see, e.g., ref. [5]). Osmotic pressure
gives rise to the inﬂow of water causing the expansion and rupture of the membrane. Since the
dissolution of the seed continues, osmotic pump action leads to the ejection of buoyant salt
solution into the surrounding medium. In conjunction with polymerization and precipitation
reactions [7], this process forms tubular structures that grow upward with speeds of mm/day
to mm/s.
Major obstacles towards quantitative investigations of chemical gardens include the lack
of appropriate control parameters and the transient character of the dissolution process. Re-
cently, however, two of us [13] developed an alternative experimental approach that involves
the hydrodynamic injection of “seed solution” into a large volume of silicate solution. By
these means, three distinct growth regimes were identiﬁed for which examples are shown in
ﬁg. 1. For pump rates of 2–40mL/h and low cupric sulfate concentrations, one observes steady
silica tube growth around a stable jet of seed solution (ﬁg. 1a). At an increased seed con-
centration of approximately 0.1mol/L, this jetting mode gives way to oscillatory dynamics
that involve the rhythmic formation and release of a membrane-bound droplet at the growth
point (ﬁg. 1b). At 0.4mol/L, this popping regime changes to budding growth in which the
droplet is not released but bursts to nucleate a new, expanding bud at the breach site (ﬁg. 1c).
Moreover, it was shown that buoyant forces play a major role in the observed dynamics. Here,
we present experimental data on the concentration and pump rate dependencies of the radius
of silica tubes grown in the jetting and the popping regimes. These data are complemented
by time-resolved measurements of the volume of popping tubes. In addition, a hydrodynamic
description of the radius of jetting tubes is given.
Our experiments employ the injection technique ﬁrst described in ref. [13]. A syringe pump
(KD Scientiﬁc 200) is used to deliver cupric sulfate solution ([CuSO4] < 0.5mol/L, Fisher)
into a large volume of waterglass ([Na2SiO3] = 1mol/L, Fluka). Injection is carried out in
upward direction through a glass capillary (length = 4.9 cm; inner diameter ≈ 0.8mm) at
constant pump rate. A cylindrical glass vessel (height ≈ 30 cm; inner diameter = 2.2 cm)
serves as the container for the silicate solution. All solutions are prepared in nano-pure
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Fig. 2 – Flow rate dependence of the outer radius of silica tubes. Solid circles and open squares
indicate seed concentration of [CuSO4] = 0.075 and 0.15mol/L, respectively. The lines in (a) are the
results of linear regressions yielding power law exponents of 0.27 and 0.18 for jetting and popping
growth, respectively. The jetting data are shown again in (b) along with the solutions of purely
hydrodynamic equations. The solid curve and the nearly identical dashed line correspond to a model
without adjustable parameters (cf. eqs. (1)) with the latter curve being the approximation speciﬁed
in eq. (2). The upper dashed curve corresponds to the stiﬀ tube model (i.e. eq. (2) for ηo →∞).
water (18MΩcm). Optical micrographs are acquired with a monochrome charged-coupled
device camera (COHU 2122) connected to a PC via a frame grabber board (Data Translation,
640 × 480 pixel at 8 bit/pixel). Image sequences are captured during the experiment using
HLImage++97 software and are analyzed with in-house-software. All experiments are carried
out at (25± 1) ◦C.
The data shown in ﬁg. 2 describe the ﬂow rate dependence of the outer radii of silica
tubes in the CuSO4/Na2SiO3 system. The tube radii are measured from optical micrographs
of numerous samples far away (1–3 cm) from the oriﬁce of the glass capillary. Moreover,
measurements are carried out at various positions along the individual tube’s axis because most
samples show erratic variations of their radius. These variations are reﬂected in the error bars
that represent the standard deviations of the data obtained. The concentration of waterglass is
kept constant at 1mol/L and the concentration of cupric sulfate is either 0.075mol/L (circles)
or 0.15mol/L (squares). For all ﬂow rates studied, the lower concentration gives rise to jetting
growth whereas the higher value induces popping dynamics with average periods of 1–15 s.
Our measurements reveal that the outer tube radius R increases with increasing ﬂow rates
Q. Moreover, we ﬁnd that, for any given ﬂow rate, popping tubes are wider than those
grown in the jetting regime (ﬁg. 2a). The double-logarithmic plot suggests that the radii obey
power-law–like dependencies. Assuming that R ∝ Qα, linear regression yields exponents of
α = 0.27 ± 0.02 and 0.18 ± 0.02 for jetting and popping growth, respectively. We did not
attempt to measure the radii of budding tubes (cf. ﬁg. 1c) because their bulging shape does
not allow accurate characterizations. Qualitatively, however, we ﬁnd that budding tubes are
signiﬁcantly wider than those obtained under popping and jetting conditions.
We now show, quite remarkably, that in the jetting regime the growth of the silica tubes
is driven by simple hydrodynamics, rather than by the properties of the membrane separating
the silicate solution from the injected ﬂuid. We start by assuming that the membrane is
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thin and mechanically weak. Based on this assumption, the shear stress and the velocity
diﬀerence across the membrane can be neglected. For calculating the hydrodynamic ﬂow, we
can therefore focus on the ﬂuid motion inside and outside the tube.
The outer silicate solution is conﬁned to a glass cylinder of radius Rcyl (here 11mm). Along
its central axis, buoyant copper salt solution rises as a cylindrical jet of radius R. Based on our
assumption, this is a classic hydrodynamical problem. The cylindrically symmetric velocity
ﬁelds v(r), which solve the Navier-Stokes equations, are
vo = Ao ln r +Bo + Cor2, vi = Bi + Cir2 , (1)
where we use indices “o” and “i” for the outer and inner ﬂuid, respectively. Note that there is
no logarithmic term in the expression for vi because the velocity in the jet cannot diverge. The
ﬁve constants Ao, Bi,o and Ci,o in eqs. (1) are all ﬁxed by imposing the proper boundary con-
ditions: i) stick boundary condition vo(Rcyl) = 0 at the cell wall; ii) continuity of elocity, shear
stress and pressure at the ﬂuid interface at R; iii) no-mean-ﬂow constraint
∫ Rcyl
R
dr rvo(r) = 0
for the outer ﬂuid since the overall volume of the silicate solution is constant. Hence, for ﬁxed
R and given viscosities ηi,o and densities ρi,o, the ﬂow ﬁelds are completely determined. From
vi(r), we can therefore derive the mass ﬂow Q(R,Rcyl, ηi, ηo, ρi, ρo) through the jet. Since the
ﬂuid properties and the cell diameter are known, this yields a unique relation betweenQ and R.
The latter Q-R relation can be written out algebraically, but a general expression is too
cumbersome to yield much physical insight. However, in the relevant limit Rcyl  R, the
expressions simplify [14] to
Q =
π∆ρg
8ηi
R4
[
1 +
4ηi
ηo
(
ln
(
Rcyl
R
)
− 1
)]
, ∆ρ = ρo − ρi . (2)
The ﬁrst term, with the Q ∼ R4 behavior, is simply the expression for Poiseuille ﬂow through
a pipe. The second term between square brackets is a correction factor that accounts for jet-
driven motion in the outer ﬂuid. In the case of a rigid tube, this term equals one. However,
as we shall see, the data conﬁrm that this induced ﬂow is present, and that the weak-tube
model is appropriate.
The result of the full calculation based on eq. (1) and the constraint of no-mean-outer
ﬂow is shown as the solid black line in ﬁg. 2b. Notice that the underlying calculation involves
no adjustable parameters but only quantities that are measurable in independent experiments
and/or are reported in the literature [15–17]. These parameters along with the linearized
concentration dependencies of ηi and ρi are speciﬁed under [18]. For this analysis, we ﬁnd
good agreement with the experimental results obtained for tubes grown in the jetting mode.
The result of the approximation (eq. (2)) is plotted as a dashed line in ﬁg. 2b and is essentially
identical to the original model. However, Poiseuille ﬂow without the correction term (eq. (2)
for ηo → ∞) is much steeper and does not agree with the data (cf. upper dashed curve in
ﬁg. 2). Moreover, none of the models shows satisfactory agreement for popping tubes. The
fact that the corrected Poiseuille ﬂow describes our measured data in the jetting regime so
accurately justiﬁes our starting assumption, i.e., the fact that the newly formed membrane
in the growth region is thin and weak, so that the growth dynamics of the silica tube are
dominated by hydrodynamics.
Figure 3 shows the outer radius of silica tubes as a function of seed concentration [CuSO4].
Our experiments reveal that for concentrations lower than 0.02mol/L no tubes are formed.
The transition from jetting to popping dynamics occurs at 0.1mol/L (dashed lines in ﬁg. 3)
and budding growth is observed above 0.4mol/L. We note that these transition concentrations
show no pronounced dependence on ﬂow rates for the range of parameters investigated. The
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Fig. 3 – Concentration dependence of the outer radius of silica tubes. The ﬂow rate is kept constant
at 7.0 (a) and 15.0 (b) mL/h. The solid lines are calculated from a purely hydrodynamic analysis (cf.
eq. (1)) using the given ﬂow rates and concentration-dependent densities and viscosities. The dashed
lines indicate the transition from jetting to popping growth.
two plots in ﬁg. 3 are obtained for ﬂow rates of Q = 7mL/h (a) and 15mL/h (b). The solid
lines correspond to the concentration-dependent radii predicted by our hydrodynamic analysis
based on eq. (1) and the parameter values/functions described above. In both cases, the
experimental data for jetting tubes show a very weak dependence on seed concentration. For
popping tubes, however, the radius increases rapidly with concentration. Our hydrodynamic
model shows good agreement with the jetting data but does not recover the more pronounced
dependence found for popping tubes. Although the model successfully captures the main
features of the jetting data shown in ﬁgs. 2 and 3, it mildly overestimates the radius of the
tubes. This is in agreement with our experimental observations indicating that the jets are
slightly larger than the forming silica tubes (see, e.g., ﬁg. 1a). Furthermore, our model possibly
underestimates the ﬂow rate Q due to ﬁnite-size eﬀects and an appreciable Reynolds number
in the tube for large ﬂow rates.
The above ﬁndings emphasize that the radii of popping tubes are not determined by
buoyant jets of solution. In the following, we demonstrate that for this growth regime the
loss of seed solution into the surrounding silicate medium is minimal. Figure 4a-h presents
a sequence of micrographs of the top portion of a popping silica tube. The ﬁrst row (a-d)
illustrates the expansion of the membrane-bound droplet at the tip of the tube. As the droplet
increases in volume due to the inﬂow of seed solution, the buoyant forces acting on the structure
become stronger and give rise to rapid detachment of the droplet (c, d). During this phase, the
tube is temporarily uncapped and solution is ejected in a very short (≈ 0.1 s) burst. However,
the system undergoes fast reactions within the mixing zone of the two reactant solutions
that induce the formation of a thin membrane (e, f). This membrane cap has a peculiarly
pointed shape that seems to be the result of the ﬂuid ﬂow induced by the sudden burst of
seed solution and/or the vertically departing droplet. Upon formation of the membrane, a
new droplet forms that continues to expand (f-h) until buoyant forces are suﬃciently strong
to induce the next droplet detachment. The tube length increases during this cyclic process
with a parameter-dependent, average speed of about 50–500µm/s (for details see ref. [13]).
This primary growth is dominated by silica precipitation that also causes a color change of
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Fig. 4 – (a-h) Sequence of snapshots illustrating the expansion and detachment of membrane-bound
droplets. Time of snapshots: 0.0, 0.8, 1.9, 2.0, 2.1, 2.2, 2.3, 2.4 s. Field of view: 2.8 × 6.7mm2.
(i) Tube volume as a function of time (circles) with a superposed linear ﬁt. The seed solution has a
concentration of [CuSO4] = 0.3mol/L and is injected at 7.0mL/h.
the transparent, faint blue top portion to the non-transparent, dark blue of the tube’s main
stalk. In this respect, the colloidal copper hydroxide membrane at the base of the droplet
seems to be a scaﬀold for the slower silica precipitation at the membrane’s outer surface.
To test the equality of the expansion rate of the droplets and the injection rate, we analyze
video frames similar to those in ﬁg. 4a-h. Our analysis is based on two steps that involve the
automatic detection of the structure’s outline and its volume reconstruction via Pappus’s
second theorem. This simple relation states that the volume V of a body generated by the
revolution of a lamina about an axis is equal to the product of the area A of the lamina and
the distance d travelled by the lamina’s centroid. With x denoting the distance of the latter
point from the rotation axis, we obtain V = Ad = 2πAx.
In the following, we assume that the tube structure is a perfect body of revolution and
that its symmetry axis is oriented in the vertical direction. From the structure’s outline, we
locate the position of the axis and compute the quantities A and x of the corresponding left
and right lamina. This procedure is repeated for all image frames of a given sequence and
data obtained from the left and right laminae are averaged. Figure 4i shows a representative
example for the temporal evolution of the volume of a popping silica tube. The graph has a
sawtooth-like shape and involves one long phase of linear volume expansion that is followed
by a rapid volume decrease due to droplet detachment. Assuming a linear dependence, we
ﬁnd that the rate of volume expansion equals (7.3 ± 0.5)mL/h. This result is in excellent
agreement with the pump rate of 7.0mL/h employed in this experiment. Hence, we conclude
that the membrane-bound droplets of popping silica tubes show essentially no leakage of seed
solution during the expansion phase.
In conclusion, our experiments show that the outer radius of silica tubes increases with
increasing ﬂow rates and concentrations of the seed solution. Although the corresponding
data (see ﬁg. 3) show no pronounced discontinuities at the transition from steady jetting to
oscillatory popping growth, radius selection is governed by qualitatively diﬀerent mechanisms.
In the jetting mode, the tube radius is clearly determined by buoyancy-driven Poiseuille ﬂow
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corrected for the presence of ﬂuid motion in the surrounding silicate solution. Tube radii in
the popping mode, however, show a Q ∝ R5.5±0.6-dependence which might result from the
interplay of the internal ﬂow within the silica tube and the buoyant force of the droplet: the
buoyant pressure drop is proportional to the height of the droplet, which suggests ∆p ∝ R,
and must be balanced by the viscous Poiseuille pressure, ∆p ∝ Q/R4, in the tube. This
dimensional analysis suggests a resulting mass ﬂow of Q ∝ R5 that is consistent with the
experimentally measured exponent of ﬁve to six. Lastly, we emphasize that our study provides
the ﬁrst quantitative analysis of the radii of self-organized tubular structures and its results
could be applicable to various other precipitation systems [1–5].
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